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(Z7) is the union of mutually disjoint open balls in G~ of radius r scattered along the submanifold S in such a manner that the balls are separated by at least s. In the case that G is embedded in a locally compact group, more detailed information is given for the distribution of the open balls in G~.
1* Introduction* If G is an arcwise connected, finite-dimensional topological group, then Gleason, Palais, Montgomery, and Zippin have shown that there is a Lie group (connected) G~ and a continuous, one-one, onto homomorphism i: G~ -> G. Thereby the study of the algebraic structure of an arcwise connected, finitedimensional group is reduced to that of connected Lie groups. The main interest in this theorem is for the case that G is not locally compact (for in the case of locally compact G, it follows that G is a Lie group). In this paper the local and global topological structure of G is studied (assuming G is not locally compact).
One may assume that as sets G -G~, and the topology of Gĩ s obtained by using as a base of open sets the arc components of open subsets in G. Also i: G~ -*G is the identity function.
To describe the topology of G 9 the geometry of the manifold structure of G~ serves as a tool. It is shown below that there is a right invariant Riemannian metric d for G~ and there is a base & of neighborhoods at 1 e G such that for all r, n>0 there is We & and subsets S and D of G with W = SD and with S x D and SD homeomorphic, where S is an open ball in G~ of radius less than r with respect to d and where I) is a discrete subset of G~ whose members are separated by at least n. This means that no two of them simultaneously belong to any translate of Lie group (see Theorems 1, 3, and 4) . One could say that each neighborhood in & is the union of its arc components, where each arc component is an open ball of radius r, these components being distributed along the subgroup and submanifold i~\L) in G~.
A special case of interest is the case that G is embedded in a locally compact group (see Theorem 2) . In this case it is shown that there exists a discrete, abelian subgroup E of G~ such that every D as given above is contained in E. If the locally compact group is Lie, even more detailed information is obtained on E.
Examples show that, in the case that G is not embedded as an analytic subgroup of a locally compact group, there may be no such abelian, discrete subgroup E of G~. In fact, Nienhuys and Rolewicz have constructed a topology for the real numbers R so that R is a topological group with this topology, is arcwise connected, and has only {0} and R as closed subgroups. Using modifications of the method of construction for 22, examples are constructed for a topology for R % so that {0} and R n are the only closed subgroups. In the last section of this paper, a study is made of compact subgroups of G and of the closure of arcwise connected subgroups of G. It is shown that G has maximal compact subgroups; in fact, they are i(K), where i:G~ -> (? and where K is a maximal compact subgroup of G~. In proving this theorem, it is shown that for each compact subgroup K of G, i~\K) is compact in G~. One can ask whether for each compact subset C oί G i~\C) is compact in G~. An example shows the answer to be no; however it is shown that for each compact arcwise connected subset A of G, i~~\A) is compact in G~. There are other examples to show that certain known results for one-parameter or for closed subgroups of locally compact groups cannot be generalized to the case of such subgroups of arcwise connected, finite-dimensional groups.
2* Preliminary definitions and results* For a topological group G, there is a topological group G~ obtained from G by using the same algebraic structure for G~, and defining a topology for G~ by using as a base for the topology the collection of all arc components of all open subsets of G. The identity function i:G~-^G is continuous; and if G is arcwise connected and finite-dimensional, then G~ is a connected Lie group. Other relationships between G and G~ are discussed in [4] and [10] .
The following two theorems do not seem to be readily available in the literature.
Proof. Since G^ is a connected Lie group, i~\S) is a Lie group with a countable number of arc components. We define j n , 1 <Ξ n <; 3, as the identity function from a set onto itself, where j\: ^(S)-> S~, where j 2 : S~ -> S, and j 3 : i~\S) -> S. Clearly j 2 and j 3 are continuous. Then j\ is continuous by [4, p. 643] . So j t is a continuous, one-one, onto homomorphism from a σ-compact locally compact group to itself, so it is an isomorphism by [8, p. 7] .
By a vector group it is meant a topological group isomorphic to R n for some n. [6] . We assume without loss of generality that d has been "normalized" so that t (from (2) above) is the real number 1. This may be done by using a scalar multiple of d. DEFINITION. Let L be a connected Lie group. We say that L has a normalized Riemannian metric d in the case that a metric d with respect to the above properties is used for L, including the property that JV(1, 1)~ is compact.
3. Main theorems* We begin with a theorem describing the neighborhoods of 1 in an arcwise connected, finite-dimensional group G t a theorem of fundamental importance. The theorem says that, with respect to the manifold G~ and its metric d, smaller neighborhoods at 1 e G have arc components which have smaller diameter and which are separated from one another by greater "distances". The quotes are used for the following reason. Customarily one defines subsets P and Q of G~ to be separated by at least n to mean that d(P, Q) > n for a metric d on G"\ For our purposes, this is not appropriate, because N(l, n) may not have compact closure, where Nil, n) -{x e G~: d(x, 1) < n), particularly if n is large enough and if exp: £f(G^) -> G~ is not onto. However, if we let B denote N(l, 1), which has compact closure by construction of d in § 2, then B n will have compact closure; because B n c (B~) n .
DEFINITION. Let P and Q be subsets of a connected Lie group G~ with normalized Riemannian metric d. Define B by B = N(l, 1), so that B has compact closure. We say that P and Q are separated by at least n (where n is an even natural number) in the case that for all x e G~, P and Q do not both meet B m x, where m = n/2. That is, at least one of P and Q have an empty intersection with B m x. Informally, we think of B m as having "width 2m" and having "pseudo-radius m", and we think of P and Q being separated by at least "width n". In fact, if G~ is isomorphic to the vector group R k , then d may be so chosen that P and Q being separated by at least "width n" is equivalent to d(P, Q) ^ n. Proof. Let V be a neighborhood of 1 in G, and let r, n > 0. We consider (?~ as a transformation group acting on the space G via π: G~ x G -> G given by π(x, y) = xy. In as much as i: G~ -> G is continuous then π is continuous and routine arguments verify that (G~, G, π) is a topological transformation group. By the local crosssection theorem (see [9, p. 314] ) there exists a compact ball K at 1 e G~, where K c N(l, 1) and radius K = q, and there exists a closed subset EdG with 16 i£ such that K x E -> KE is a homeomorphism, that KE contains a neighborhood of 1 e G, and that JΏ£ c V. We now let K denote the open ball of radius q at 1 e G~. We see that JE contains no arcs, for otherwise dim KE > dim G = dim G~. Using the projection K x E-> E, it is clear that the arcs of K x E are K x {y}, yeE. ;, so c^ and cί 2 are not separated by at least 2(fc + 1) = 2(n/2 + 1) = n + 2. Therefore S^ and Sώ 2 are separated by at least n.
We have established (a) and (b) of the theorem. To show (c), we have that every subset of D is countable, hence Lindelof. So every subset is paracompact [3, p. 174] . So D is hereditarily paracompact. In as much as D is totally disconnected, every compact subset F of D has cohomological dimension cdF equal to 0 [1, p. 218] , [10] ; so cdD = 0. Note that the inductive dimension of D is also 0 [2, p. 279 ].
Next we prove in Theorem 2 that if the arcwise connected, finite-dimensional G is contained in a locally compact group L, then the structure of the D in the previous theorem is improved; in fact, there exists a subgroup E of G~ isomorphic to Z k such that for every U = SD of the previous theorem we have DaE.
The closure of E in L is a compact group. If furthermore L is a Lie group, then the closure of E in L is a torus subgroup of L, as shown by the next Theorem 2. We first present two lemmae. Proof. Note that G and L are abelian. We let D be a closed, totally disconnected subgroup of the component J at 1 in C such that J/D is a toral group (possibly infinite-dimensional). We let φ: GC-^GCjD be the coset homomorphism, with φ(G) = G 19 φ(J) = J ί9 and φ(G) -C x . Then G X C X has the same properties as GC, except that the identity component J x at 1 in G x is a toral group. This implies that J γ is a direct factor of C γ [7, p. 419] , so that there exists a subgroup E of d such that C x = E (g) J lm Clearly E is totally disconnected. We let π: G& -> G γ CJE be the coset homomorphism with π(fiC) = G 2 , with π(jC x ) = C 2 . Then G 2 C 2 satisfies the same properties as G& and GC, except C 2 is a toral group, whereas G % or possibly C is not a toral group. We now prove Lemma 1 for G 2 C 2 , rather than GC; and Lemma 2 below, applied to G x C γ and G 2 C 2 , then next applied to GC and G λ C 19 will finish the proof of Lemma 1. Therefore we may assume without loss of generality that C is a toral subgroup of L = GC (C possibly infinite-dimensional). In the closed subgroup i" λ {G Π C) of G~, we let V denote the component of i~\G Π C) containing 1. Then V is a vector group in G~. Using [5, p. 164] we may find a neighborhood U of 1 in Vã nd a toral subgroup K of the toral group C such that UK is a neighborhood of 1 in C and such that U x K-+ UK is a homeomorphism and a local homomorphism. The countability assumptions of [5] are satisfied in the setting of Lemma 1, Lemma 2, and Theorem 2, by using the fact that ί(G~) is dense in L. We will prove that K is the desired subgroup. If i~\G Π K) should contain a one-parameter subgroup P, then U Π K contains V Γ\ P, a contradiction. Next, to show GK = GC, we have that GK = GVK -GC. Finally to prove that (G Π K)~ = iΓ, we denote (G Π JBΓ)" by F, and establish that GF is a compact subgroup of GC. To do this, we consider GF/F. This group is arcwise connected and finite-dimensional. Also φ: GF/F-+GK/K defined by φ{xF) -xK is a one-one, onto homomorphism, using that FczK and the definition of F. Since GK/K is a torus group and since (GF/Fy is a Lie group, it is clear that φ is an isomorphism. So GF/F is compact. Since J?
7 is compact, we have that GF is compact. Because GF is a compact subgroup containing the dense G, we have that GF = GC = GiΓ. We use the equality GF = GK to prove that F = K. Already FczK, so let x e K. Then as e GF, so # = #c, where # e G and c e (G Π JBL)~. SO ceK, so geK, so geGΠK, so geF, and xeF. So K(zF. So Lemma 1 is proved. We note that if L is a Lie group, then if can be chosen to be a torus subgroup of L. LEMMA G~ and JEΓ~ isomorphic to R n , and with G and H dense in GK and HM respectively. If HM satisfies the conclusion of Lemma 1, then GK satisfies the conclusion of Lemma 1.
Let a: GK -> ϋM δe an onto homomorphism of compact abelian groups, with the kernal of a being totally disconnected and contained in K, with a{G) = H and a(K) -M, with
Proof. By hypothesis, there is a compact subgroup M 1 aM such that H~ = HM lf etc. One defines C by C = ar\M^. Then arguments such as used at the end of Lemma 1 show that CaK, that G~ = GC, etc. THEOREM 
Let G be arcwise connected and finite-dimensional, and suppose that G is a dense subgroup of the locally compact group L. Then there exist έ%? and d as in Theorem 1, and there exists an abelian compact subgroup K, with Ka Z(L)-R, for R = the radical of L and Z(L) = the center of L, such that for any r, n > 0, there exists Ue.^ satisfying: (a) letting A denote the subgroup G Γ) K, the neighborhood U has a subset D, with Da A, such that D is discrete in G~ and that U -SD, where S is an open ball at leG~ with respect to d, where leD, and where S x D -• SD is a homeomorphism, (b) the arc components of U are Sd for deD; and, if P and Q are different are components of U, then radius (P) < r and P and Q are separated by at least width n, (c) A is a countable subgroup of G, discrete in G~ and totally disconnected in G f and the closure of A in L is K, (d) G~~ = GK and G is a normal subgroup of G~. If L is a Lie group, then K is a torus subgroup of G~.
Proof. The proof consists of the cases for G abelian, for G solvable, for G semisimple, and then the general case.
In the case that G~ is abelian, we have that L is abelian. It is known that there are subgroups B 2 , B 3 , B 4 of G such that G = BJBJBH where B± is a vector subgroup of G~, of G, and of L, and where B 2 is the maximal compact subgroup of G~, and where B s is a vector subgroup of G~* such that every one-parameter subgroup of B 3 is nonclosed in L, and where G~ is the direct product of the B t . It follows that G~ = B 2 BfB 4 . Using the known facts about the product structure of locally compact, connected, abelian groups [7, pp. 90, 95] we may assume that G = B 3 , in as much as J5 2 and B A are direct factors in G and L. We now have that L = J5 3 J5 2 = GB 2 , where G is dense in L and where G~ is isomorphic to j? % , so that Lemma 1 is applicable. Therefore, the major part of the abelian case of Theorem 2 has been established, and we omit the remaining parts of the abelian case.
Next assume that G~ is semisimple. To give an example of this situation, let H be a connected semisimple Lie group such that there exists d e Z(H) with the group D generated by d isomorphic to the integers (and discrete in H). Let K be a compact, monothetic group with the powers of e dense in K (here K may possibly be disconnected or may be infinite-dimensional). In H x K let D* be { (d, e) n : n is an integer}. Note that D* is discrete and central in , d t } be a set of generators for the finitely generated, central subgroup Z(G), such that {d lf --,d k } generates a discrete subgroup of L, and each element of {d k+1 , * ,(ίj generates a nondiscrete subgroup of L. If we let Γ(x) denote the closure of the group generated by x, then Weil's lemma shows that Γ(x t ) is compact for k + 1 ^ j ^ t [7, p. 84] . We let R be the radical of L, and one proves that every element of R is the limit of elements from the group D generated by {d k+ί , mm ,d t }. Furthermore, it can be seen that R is the connected component of D~ containing 1. If we define K to be D~, if we let S be an open ball at 1 e (?~ such that S 2 Π Z(G~) = {1}, then it can be shown that S x D' -> SD~ is a homeomorphism, and the other conclusions of the theorem follow readily. If L is a Lie group, it is clear that D" = R is a torus subgroup of L.
We omit the proof of the solvable case of the theorem, since the methods of proof are similar to those in the other cases.
In the general case, we let R denote the radical of G~f we let S be a maximal semisimple analytic subgroup of G~ such that G~S R, and we let P be the radical of L. It is easily shown that Re P. Since R and S are arcwise connected and finite-dimensional, we may assume using the solvable and semisimple cases for the theorem that there exists a compact abelian subgroup K 2 czR~cL (given by the solvable case) and a compact subgroup K t c Z(L) cS"cL (given the semisimple case), satisfying the appropriate conditions. (If L is a Lie group, then K t and K z are torus subgroups.) It is tempting to define A and K = A~ by letting A~ = KJK.^ but it may happen that K γ Π R and possibly K t K 2 Π G contain a nontrivial oneparameter subgroup, an undesirable property if we wish K Π G to be discrete in G~. So we "rechoose" as follows. The purpose of the following discussion is to obtain an appropriate subgroup of K X K 2 . We have that KJ£ % Γϊ G is closed in G, and so K λ K 2 Π G is closed in G~. So the identity arc component of i'^KJC^ Π G), denoted by E, is a closed vector subgroup of i~\K γ K 2 ΓΊ G). Since E is a vector subgroup of KJί^ there exists a neighborhood U of 1 in 2£ã nd a compact subgroup i£ of K X K 2 such that ?7iί is a neighborhood of 1 in KJ£ 2 and U x K-^ UK is a homeomorphism and local homomorphism. We obtain such U and K by using a compact, totally disconnected subgroup D of iξiζj such that K x K 2 jD is a toral group, by using [5, p. 164] , and by using the above Lemma 2. We will prove that K is the desired subgroup of L. Note that KaZ(L)P. Further note that if L were a Lie group, then K lf K 2 , and K would be torus subgroups of L.
We prove first that G Π K is dense in K. For any xeK, and any V open in K containing x, we have that UV is open in UK, where U is as above. Since G ΓΊ -KΊJBΓa is dense in K ± K 2f there exists g 6 G Π 17 V. Because g •= uv and gr and u belong to G, we have that veG.
So veG Γ\ V, and G Π K is dense in K. Next we show that G Γ) i£ is discrete in G~. If F is a one-parameter subgroup of G P\ K, then 7c£. Since E f] K is discrete in i£~, we have that V = {1}. Finally we show that Gif = L. Using normality of G in L (a well-known result, for example see [5] ), it follows that GK is a subgroup of L. Next we show that GK contains a neighborhood in L, and connectedness of L will imply that GK = L. We have that GKz)GUKz)GW, where TF is a neighborhood in JBΓ^. But GT7 clearly contains a neighborhood in SK λ RK 2 = L.
The proof of Theorem 2 is now easily finished by using Theorem 1.
REMARKS ON THEOREM 2. Several authors, particularly Goto, have proved results similar to Theorem 2. Their results are not as detailed about K as the present Theorem 2. The subgroup K must satisfy several competing conditions. First, it must be "large enough", because GK must be all of L. Next it must be "small enough", because K must satisfy that G Π K is discrete. Finally K must be "appropriately orthogonal to a neighborhood in G," because K must satisfy that G Π K is dense in K.
Next we show that for an arcwise connected, finite-dimensional group G, there is a subgroup S, closed in G and G~, such that arbitrarily small open sets at 1 in G have all of their arc components concentrated on S and that G/S is an analytic manifold.
DEFINITION S^. Let G be arcwise connected, finite-dimensional, with i: G~ -> G. We let £f be the collection of all subgroups S of G satisfying (1) i~\S) is a closed subgroup of G~, and (2) Proof. (i) Clearly condition (1) of the definition of £f is satisfied by R Π S. To prove (2) of the definition, let £& be a neighborhood base for R and g* a neighborhood base for S, each satisfying (2) . In order to construct a neighborhood base ^ for R Π S, let U be any neighborhood of 1 in G. Choose W a neighborhood of 1 in G such that W* c U and such that the arc components of W are open balls of radius r > 0, using Theorem 1. There is a ΰe^ such that DaW, and there is an Eeg 7 such that SCJD. We define JB to be the open ball of radius r at 1 (so that B c W), and we define C = .RBϋ/. Then C is a neighborhood of 1 in G, and C is a candidate for <g*. It is clear that Call, because BBE a W z c £7. In order to show that every arc component of C meets R Π S, we let A be some arc component of BBE. 
G~/i~\S) and its image are homogeneous, it is sufficient to prove j is open at i~\S)eG^/i~1(S). Let Ui~\S) be an open set at i~\S), where U is open at 1 e G~. Then there exists an open ball
BaU, with leS, the radius of B is r > 0, and BSc Ϊ7S. Then there exists an open set W in G at 1 such that every arc component of W has nonempty intersection with S and such that the arc components of W have diameter less than r/2, using Theorem 1 and that for S the definition above gives us a base of neighborhoods. Then routine arguments prove that WS c BS c US.
DEFINITION. For a topological group H, the component of the identity 1 in H will be denoted by £Γ 0 , and the arc component of the identity will be denoted by H a . So H a c H Q . THEOREM 
Let G be arcwise connected and finite-dimensional, and let £^ be as in Definition S. Let S e S^ be minimal among elements of Sf with respect to dim i" 1^) . Then i~\S a ) is a closed normal subgroup of G~. If T is another member of S^ satisfying dim i~\T a ) -dim i~\S a ), then T a = S a . If S is arcwise connected, ψen for every Te^, ScT.
REMARKS ON THEOREM 4. If G is a Lie group, then {1} is the minimal member of £f. Examples in the next section show that if G is non-Lie, then G may be the only member of £f. Other examples in the next section show that S may have any dimension between 0 and the dimension of G~. Theorem 2 above shows that a minimal member of &* with respect to dimension must have dimension zero whenever G is embedded in a locally compact group. 
Proof of Theorem 4. Since i"\S) [is a closed subgroup of G~,

If G is additionally abelian 9 then there exists Se£^ SUC } 1 that s is minimal with respect to dim i"\S a ) and with respect to the number of independent generators of i~1(S)/i~1(S a ). For any TeS^ also minimal in these respects, S/SΓ\ T and T/Sf] T are finite abelian groups, that is S and T are commensurable in the sense of the theory of discrete subgroups of Lie groups.
Proof. Clearly one can find a subgroup SeS* such that S a has minimal dimension. Since S/S a is a discrete subgroup of the analytic abelian group G~/S7, it is a finitely generated, abelian group; so that one may choose Sey so that additionally S/S a has a least number of generators. Then S satisfies the required conditions. The proof of this corollary raises questions for the general case, where G may be nonabelian. The goal is to obtain a "minimal" member of &*, where "S is minimal" means that Sey is minimal with respect to the two conditions of the previous corollary. For example, in the case for G nonabelian, is the discrete group S/S a a finitely generated subgroup of G~/S~? 4* Arcwise connected subgroups and examples* In this section there are results and examples which have been motivated by theorems about certain subgroups of locally compact groups. In the next two theorems, we study the compact subgroups of an arcwise connected, finite-dimensional group G and how they are related to the compact subgroups of G~. The next theorem describes a curious situation for the preimages of compact subsets of G with respect to i: G~ -> G. THEOREM 
Let G be arcwise connected and finite-diminisional, and let i: G~ -> G. (a) If K is a compact subgroup of G, then i~ι(K) is compact in G~.
(
b) If K is a compact subset of G, then i~\K) may not be compact in G~. (c) If K is a compact, arcwise connected subset of G, then i~~\K) is a compact subset of G~.
Proof, (a) We have that i~\K) is a closed subgroup of the connected Lie group G~. Hence i~\K) is a Lie group with a countable number of arc components. Hence by [7, p. 42] , i is an open homomorphism, and K and i~\K) are isomorphic by i. Hence i~\K) is compact.
(b) Let G be the arc component at 1 of a one-dimensional compact, solenoidal group, so that G~ is isomorphic to the real numbers R with its usual topology. It is known that G is arcwise connected, one-dimensional, and has a sequence {x n } converging to 1 in G, such that i~~\{x n }) is an unbounded sequence in i~\G). Hence K = {1} U {x n } is the desired compact subset of G.
(c) Our first goal is to construct a certain cover of G (not K) which has no finite subcover. We present several lemmae: 
Proof. Define Y = BV, where B is the open ball at leG~ of radius r, that is B -N(l, r).
Then Y is open in G. The proof will be finished when it is shown that B V Π U = U {A: A is an arc component of U and An U Φ 0}. If V t and V 2 are two arc components of V, then routine arguments show that BV X and BV 2 are separated by at least width 2. This implies that BVΠ U is contained in the above union. Next, let x belong to the union; that is, x 6 A where A is an arc component of U and A Π U Φ 0. Let P be the arc component of V contained in A. There exists y eP with d(x, y) < 1, since diam A < 1. Therefore xeByaBPcBV.
So a e BV ΓΊ U, and the union is contained in BVΠ U, ending the proof.
For each natural number n, choose U n such that (1) U n is a neighborhood of 16 G and U n+1 c U n9 (2) the arc components of UΊ are balls with radius less than 1, and (3) and each Ci is of the form B k~x A, for 1 <; k < n, where each B k~1 A is a building block from stage k<n. In other words, there is a finite sequence of building blocks connecting B n~ι A 1 with B n~1 A 2 , all of these in-between building blocks obtained at a stage k < n. Let C h be a building block obtained at level k, where k is as large as possible and k < n (so \Φ 1, i λ Φ m). If there were two such C hf then we would have obtained a finite sequence of building blocks at stage k < n, thereby contradicting the induction hypothesis. Next we let C h be a building block obtained at a stage j, where j is as large as possible and j < k < n. There can be at most two such C h ; for if there existed three such, at least two of them would have subscripts i 2 and % satisfying i 2 and ΐ 3 are between 1 and ί lf or else i 2 and i 8 are between \ and m. In either case the sequence from C h to C h would be a sequence connecting C h and G H at stage j < n, again a contradiction to the induction hypothesis. Consequently there are at most two such, say C h and C h , with 1 < i 2 < i γ < i 3 < m. Continuing inductively, there can be at most 4 members of {d: 1 < i < m} having the form JS^'A, with i < n -2, at most 8 members of {d: 1 < i < m) having the form B 5~ι A with j < n -3, , and finally, at most 2 n~2 members of {C^: 1 < i < m) having the form B ά~ι A with j < n -(n -2) = 2 (that is, i = 1 and B 3~1 A = A). Consequently we can estimate the size of (J {C έ : 1 < i < m}. Analogous to the situation that, if JV(1, j) Π iV(x, fc) Φ 0 for 1, a; e G~, then for any z lf z 2 e N(l, j) 
there is the fact that if B j Π B k z Φ 0, then for any z lf z z eB j \jB k z, one has that {sj and {^ J are not separated by at least 2j + 2k. Applying this fact to U {d: 1 < i < m), where each C t is of the form B ό~x A, which is contained in B j z for some z, we obtain that for any z 19 z 2 e U {C^ 1 < i < m}, the sets {zj and {z 2 } are not separated by at least width 2(n -1) + 2 2O -2) + • + 2*~2.2 , where the 2{n -1) comes from the one C ijL , where 2*2(n -2) comes from the at most two C h and C <3> •••, and the 2 % " 2 2 comes from the at most 2 n~2 members of {C*: 1 < i < m) which were building blocks at stage 1. But routine use of inequalities shows that
Consequently for any z x and z 2 e U {d: 1 < i < m}, we have that {«J and {^2} are not separated by at least width A n -2 n+1 . However, U {C/. 1 < i < m} must "span the gap between C λ and C m ," where C x = B nl A 1 and C m = B^-'A^ Using arguments similar to those above, one shows that B n~ι A 1 and B n~ι A 2 are separated by at least width 4 74 " 1 -4 -2(w -1), which is greater than 4\ Consequently two elements of U {C*: 1 < i < m} must be separated by at least 4 % , a contradiction. So Lemma 4 is proved. To conclude the proof of (c), let K be an arc wise connected, compact subset of G, and it will be shown that i" 1^) is compact in G~. By using a translate, we assume 1 e K. The collection {WJ forms an open cover of K by open sets in G, so a finite number of the collection {W n } cover K. So there exists n such that Kc W n . Since 1 6 K and K is arcwise connected, K is contained in the arc component of W n at 1. We now prove by induction that for all n, each arc component of W n is the union of a finite number of building blocks. It is clear for n -1, and we suppose it true for all j < n. Let C be an arc component of W n . In the case that C contains no building block B n~1 A obtained at stage n, then in fact Cc Wj for j < n and our claim is true for C. (β-y-'A-, and that {B~) n~ι Ais the continuous image of a certain compact product space), there exists a subnet of {x t } converging to some x e G~. Denoting the subnet also by {xj, we have that x t x~ι converges to 1 e G~, and each x t x~ι e B t x~\ with {JB^" 1 } being a collection of mutually disjoint open balls of radius 1. This can happen in a normal neighborhood of 1 in a Lie group only in the case that the collection is a finite collection. So the induction is finished. So K is contained in the union of a finite number of building blocks. By the argument just given above, each building block has compact closure. Since K is contained in a subset of G~ having compact closure, and since K = i~\K) is closed in G~, we have that i~\K) -K is compact in G~, proving (c).
The next theorem discusses the existence of maximal compact subgroups of G. Proof. Use continuity of i, use (a) of the previous theorem, and use the results on the existence of maximal compact subgroups of Lie groups (for example [8, p. 180 
]). Other properties for i(K)
may be established by using the corresponding properties for K.
In the abelian case, G^ has a unique maximal compact subgroup K which is a direct factor in G~. In fact, G~ is isomorphic with R n (x) K. However, the author cannot answer the question whether i(K) is a direct factor in G.
There are other results on certain subgroups of G; these results are suggested by surveying the known results on subgroups of Lie groups. Typical of these is the following theorem. Proof. Define R to be i(P)~. Then clearly R is a connected normal solvable subgroup of G. If R X Z)R and if R t has these properties, then, making use of i~\Ri) and i~\R) in (?~, it can be shown that RJR is a connected, countable topological group (in fact abelian). Using the fact that RJR is completely regular, RJR is the oneelement group. The other conclusions follow routinely.
We now give some examples of arcwise connected, finite-dimensional groups in order to illustrate some limitations on the structure theorems which one might conjecture. EXAMPLE 1. There exists a topology for R n such that R n is a topological group, R n is arcwise connected and finite-dimensional, and R n has no closed subgroups other than {0} and R n .
Proof. Nienhuys [11] and Rolewicz [12] have given a construction to obtain such a topology on R 1 . We indicate how to alter their construction to obtain a topology on R 2 with the desired properties. It will then be clear how to obtain the topology for R n . We will use the notation of Nienhuys [11] . In particular additive notation is used for groups in this example. The group G is defined by Nienhuys to be a certain subgroup of (R/Z) c , where c is the countable cardinal. For xe(R/Z) c , \\x\\ is defined to be lub{|#J
mod Z:neN).
The metric for G is given by d(x, y) = \\x -y\\. Also P n : (R/Zy -> {RjZy is defined by P n (y) = (Vι, V*, V., 0, 0, .. •),  where 0 is the identity of R/Z. As Nienhuys does for R\ we will construct a subgroup A of G, and then embed R 2 in G/A. In fact, A is the infinite cyclic sub-group of G generated by aeG, where a is defined on p. 168 [11] . In order to embed R 2 in G/A, we pick inductively the irrational numbers X n and Ύ n so that (1) {1, \, λ 2 , , y ίf 7 2 , } is a linearly independent set over the rational numbers, (2) |τ»| < (2 n 'k n _ 1 )~1 and |λj < (2 n -k n _ 1 )~ί, where k n is the smallest integer such that for every y eG there exists some k <= K satisfying \\kP n (X) -P n (y)\\ ^ 1/2* and || kP n (y) -P n (y)\\ ^ l/2 , (3) |λ n+1 |^2-|λ Λ | and | <γ n+ί \ ^ 2-17 J for all neN, (4) if p n denotes the nth prime number, then λ Λ = r n {p n ) ι/? and τ» = s n (p n ) 1/3 , where r n and s n are rational numbers chosen inductively so that (1), (2) , and (3) above hold. The existence of such k follows from a version of Kronecker's approximation theorem (see [7] , § 26.19(d), p. 436). The sequences {λj and {y n } then determine elements X and 7 in G, by defining the wth coordinate of X to be X n + Z, similarly for 7. We define f:R 2 ->G by /(r, s) = rX + SΎ. It is clear that / is a continuous homomorphism where R 2 has its usual topology and G has the relative topology from (R/Z) c . We show / is one-one. Suppose rX + SΎ is the identity of G for some r, s eR. Then for all ίeN there exists z t eZ such that rλ^ + s7* = z t . So rλ 1 + 87i = »i and rλ 2 + s7 2 = £ 2 The determinant of this system is not zero (it is X t 7 2 -λ 2 7i); so that, after solving for r and s, we find that r, s belong to the subfield JP\ generated by {1, X 19 λ 2 , y 19 7 2 }. In a similar manner, using the equations rX t + S7* = «<, for i = 3, 4, we find that r, s belong to the subfield of the reals generated by {1, X ίf 7*: i = 3, 4}, where, from above, λ, = n(^i) 1/2 and 7* = Si(Pi) 1/3 . Since ί 7 ! Π F 2 is the rational numbers, r and s are rational numbers. However, using linear independence of the λ's and the 7's over the rationale, it follows that r and s are zero. So / is one-one.
Next we let p:G -> G/A be the coset homomorphism, and we show that p restricted to f (R 2 ) is one-one. We show that if rX + S7 e A, then rX + s7 is the identity of G. Suppose that rX + SΎ = jfcα, where fc is an integer. Then rλ TO + sy n = fc ίjwmod ^ for all w. Since t n ^ 1/4, we have that \ktjn\ ^ \k\/4n. On the other hand \ktjn\ = \rX n + 87»| ^ |r| |λ n | + |s| |7 Λ | mod Z. Furthermore, using property (3) above, we get |λ Λ | ^ \\\/2 9n and \y n \ ^ |7i|/2 *, where 8 n is the sum of the first n -1 natural numbers. If fc is not 0, then (using linear independence) at least one of i and j is not 0, and therefore for large n the two inequalities \ktjn\ ^\k\/4n and \ktjn\ ^ 2" s^( |rλ 1 | + |s7i|) mod Z are both valid. This is clearly impossible, in as much as the sequence {1/4w} goes to zero much slower than the sequence {2~s*}. Therefore k = 0, and rX + SΎ is the identity of G. Consequently pf is a one-one homomorphism and can be used to define a topology on R 2 . Since pf is continuous, it follows that this topology is arcwise connected and finite-dimensional.
Next we show that R 2 has no closed subgroups other than the identity and R 2 . We do this by proving that for all (r, s) e R 2 , with (r, s) Φ (0, 0), the subgroup generated by (r, s) is dense in R 2 . So let d = rX + $y ef (R 2 ) . To show cί generates a dense subgroup of G, we let ε be any positive real number and let y eG. We imitate the proof of [11] with minor modifications. From the definition of G, there is a natural number N such that for all n > N, \\P n (y) -y\\ < e/3. Let c = |r| + |s|. Let us first suppose that r and s are both different from 0. For every n, there exists k <; k n such that ||fcP Λ (λ) -P.(»/2r)||^l/2 , that ||fcP Λ (λ) -P n (y/2s) \\ ^1/2% that |λ.|< 1/2"•&»_!, and that \y n \ < l/2 n k n^. Then we have that \\kP n (d)-
n < e/3. Also note that for any n > M,
w+1 < e/3. Hence for such n, \\kP n (d) -
kd\\ < e/3. So we see that \\kd -y\\ ^ ||M -kP n (d)\\ + ||fcP β (ίi) -P»(y)\\ + l|P»(l/) -1/11 < 3 (ε/3) for sufficiently large n. A similar proof is made in the case that one of i or j is zero. Consequently we have shown that the group generated by (r, s) is dense R 2 (it is easily shown that pf(r f s) is dense in G/A once one has shown that /(r, s) is dense in G).
In the case for constructing a topology for R n , n > 2, we indicate some of the changes needed to alter the above proof for R 2 .
(a) Instead of determining λ and 7 in G, one determines n elements δ ίf , δ n in G so that similar statements to (1)- (4) hold. For example, in (1) , all coordinates of ^ for all i must form a linearly independent collection of irrational numbers; in (2) and (3) instead of two inequalities there are n inequalities; and in (4) (c) Instead of knowing that the determinant is X 1 Ύ 2 -X 2 y lf which is not zero, one notes that the determinant of the matrix [Φi)i\f with 1 <; i, j <; n, is not zero.
(d) Instead of obtaining two subfields JF\ and F 2 of the real numbers, one obtains n subfields whose intersection is the rational numbers.
DEFINITION. The topology obtained above for R k will be called the N-topology (for no nontrivial closed subgroups).
subgroup of R k , the relative topology for Z k obtained from the Ntopology on R k will be called the ilf-topology. Note that with the ilf-topology, Z k has no nontrivial closed subgroups. Next we use Example 1 to aid in the construction of other examples. One version of WeiPs lemma states that if G is a locally compact group, and if P is a one-parameter subgroup of G, then either P is isomorphic to R, or P~ is compact. EXAMPLE 2. There is an arcwise connected, finite-dimensional group G with a one-parameter subgroup P such that P is not isomorphic to R, such that P~ Φ P, and such that P~ is not compact. Also P~ is not arcwise connected (although P is connected). , Ϊ7) into an arcwise connected, two-dimensional topological group. Note that & is of the type described in Theorem 1. Also Z* is a closed subgroup of G, and Z 2 is a minimal member of S^ in the sense of Theorems 3, 4. Let / = {(x, 0): O^cc^l}. Then I is a compact subset of G. Hence # 2 +I is a closed subset of G. But # 2 +I=:i2xZ. Hence i2 x Z = (Λ x {0})~ = P~. Then P is a one-parameter subgroup such that P meets the desired conditions. For a locally compact group G with one-parameter subgroup P, the subgroup P~ has either one or uncountably many arc components. Note that P~ in Example 2 has a countably infinite number of arc components. EXAMPLE 3. There is an arcwise connected, finite-dimensional group G with a one-parameter subgroup P such that P is not isomorphic with iϋ, such that P~ Φ P, and such that P~ is not compact. Also P~ is arcwise connected.
Proof. Let i2 have a iV-topology T; and let H = (R, T), in order to distinguish the two different topologies for R. Let C = {exp (ir): 0 <; r ^ 2τr} be the usual circle group. Then define G = C(x) H, where G has the product topology. Define the one-parameter subgroup P c G by /: R-+G where f(r) = (exp (ir), r) for r 6 R. We will prove that P~ = G. Note that {(exp (0), 2πw): w is an integer} is a subgroup of P Π ({exp (0)} x H). So the closure of {(exp (0), 2πn):n is an integer} = {exp (0)} x H. So PU{exp(0)} x HaP . So Gc P". (The symbol (x) means direct product).
Note that in this example G has a nontrivial compact Lie subgroup. Another example meeting the conditions of this Example 3 could be given. Let G be R 2 with a iSΓ-topology, and let P = {0} x R. Then P~ = R 2 = G.
